This paper shows existence and efficiency of equilibria of a production model with uncertainty, where production is modeled in the demand function of the consumer. Existence and efficiency of equilibria are a direct consequence of the catastrophe map being smooth and proper. Topological properties of the equilibrium set are studied. It is shown that the equilibrium set has the structure of a smooth submanifold of the Euclidean space which is diffeomorphic to the sphere implying connectedness, simple connectedness, and contractibility. The set of economies with discontinuous price systems is shown to be of Lebesgue measure zero.
Introduction
This paper considers the Arrow-Debreu model with a complete set of contingent claims [1] and production. Existence and efficiency of equilibria of this model are shown by [2] in a seminal paper. This paper, however, derives global topological properties of the set of equilibria. The structure of this set has been studied before by Balasko [3] in the context of deterministic pure exchange economics. Such models lack a time structure, and as a consequence do not incorporate uncertainty [3] - [5] (Balasko (Preprint 2011) for example). 1 The aim of this paper is to consider a reformulation of the Arrow-Debreu model in terms of an exchange model with production in the utility function. Preliminary results are found in [6] . A version of the decentralized production model is found in [7] . The formulation of the production model considered in this paper allows extending some of the known results about deterministic economies to production economies with uncertainty and production of adjusted demand functions. It is shown that the set of equilibria is a smooth manifold. Its dimension depends on the number of goods available for consumption, the number of uncertain states of nature and the number of consumers. This manifold is also shown to be diffeomorphic to a sphere. This result has deep economic implication. It implies that geodesics can be defined on it. This property is particularly useful when designing economic policies.
The paper is organized in three sections. Section 2 introduces the model. Section 3 establishes the results, and Section 4 is a conclusion.
The Long Run Private Ownership Production Model with Uncertain States of Nature
We describe the two period private ownership production model
, chapter 7. Uncertainty is defined by a finite set of mutually exclusive and exhaustive states of nature denoted by
, where s = 0 is the certain event in time period one. In total there are S + 1 states of nature. There are
producers, and
, a consumption bundle is a collection of vectors
Consumers are endowed with a collection of vectors of initial resources ( )
where initial endowments in a particular state
is further characterized by a smooth Marschallian demand function
f p w is defined for price vector p ∈ S and wealth level
Producers are characterized by production sets and their smooth supply functions. The main property of the long run production model is that all activities of the firm are variable. An activity j y is a collection of vectors ( ) ( 
denote the smooth supply function of firm
p ξ is defined on the set of normalized prices. Standard assumptions of smooth production economies introduced in [1] hold for each production set 
be the market excess demand function in state
Then, market clearance requires demand to equal supply in each market and uncertain state of the world. Hence
An equilibrium is a price vector p ∈ S which satisfies this equation for a fixed distribution of initial resources and exogenously given ownership structure. An equilibrium pair is an equilibrium price vector p ∈ S with associated ω ∈ Ω . An equilibrium allocation is an allocation ( )
, ,
x y θ associated with an equilibrium price p ∈ S . The model of the consumer is to solve a constraint optimization problem. This requires a consumer to maximize utility subject to a sequence of ( )
 is the consumer's smooth 3 utility function. The new production adjusted budget set is now defined by
:
The model of the producer is to maximize profits. Each producer solves a constraint optimization profit maximization problem. Hence, each 
An equilibrium allocation is a pair ( ) , hence we have a system of ( ) ( )
linearly independent equations. This amounts to the number of unknowns, given the number of normalized prices of ( )
A study of the qualitative equilibrium structure of the two period private ownership production model with uncertainty amounts to a study of the structure of the solution set of the equilibrium equation ( ) , 0 z p ω = . The first result is an equivalence relation between the two period exchange model with uncertainty and the two period production model with uncertainty. The relation between these models follows from the definition of a two period exchange model with production adjusted Marshallian demand functions. Let 
denote the individual demand function of the two period "production adjusted" exchange model , and a pure exchange model with a long term time structure and uncertainty with production adjusted demand functions ( ) E  . The result suggests that the decentralized production model can be reformulated as a centralized model. It is efficiently applied in establishing many properties about production economies in the next section. , and closed by the closed map lemma closed ( [9] , p. 553). The closed map lemma requires the excess demand mapping to be continuous and the domain to be a compact set and the range a Hausdorff space. Recall that the excess demand mapping is differentiable at any order required. This is a consequence of subtracting differentiable aggregate supply mappings from differentiable aggregate demand mappings. Differentiability of demand and supply mappings is in turn a consequence of the assumptions of the model discussed earlier ([1] [8]) .
Equilibrium
is a smooth manifold of dimension ( )
defined by the smooth mapping
By theorem the regular value theorem  is the preimage of
We need to prove that this mapping does not contain critical points. This follows by showing that the linear tangent map D Z ω is onto. The onto property follows directly from the rank property of the Jacobian matrix chosen for any arbitrary individual
and state of nature
By the chain rule, we obtain ( ) 
By simple algebraic manipulations we obtain the new matrices ( ) 
From the regular value theorem it also follows that its dimension is equal to the dimension of × Ω S minus ( )( )
The following theorem illustrates other economically interesting global properties of the equilibrium manifold. It says that by construction of a diffeomorphism f restricted to the equilibrium manifold  into ( ) ( )( )( )
implying that the equilibrium manifold is arc-connected, simply connected, and contractible. These properties are particularly useful in applied work such as economic policy equilibrium analysis. 5 For example, economic policy is often concerned with finding a path between a current point on  and a desired point on  . 
